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[HM92, Seg94, FHMV95, KN97, Kan99, WOIOO].
, $n$ 0, 1, . . . , $n-1$
. $n$ . $i$ $\phi$
, $i$ $i\emptyset$ . ,
, $i$ $j$ $\phi$ i $\phi$ $\Lambda\square _{j}\phi$
. , $\phi$
$\mathrm{c}$
$\phi$ . $i$ $\mathrm{K}$
1. , $\coprod_{i}$ ,
$\models\square _{\mathrm{c}}\phi\Leftrightarrow w\models\square _{i_{1}}\cdots\square _{i_{k}}\phi$ for any $k\geqq 1,$ $i_{1},$ $\ldots,$ $i_{k}\in n$ . (1)
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. , Section 2 , .
, ,
, . , $\square _{\mathrm{c}}\phi$
fixed point [HM92] , ,
infinite meet [KN97, KNST02] .
, Section 3 Section 4 . , infinite meet
, [Seg94] ,
Section 5 .
, . , Barcan formula
,
. , Section 6 .
2Syntax and semantics for $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$
, syntax semantics . ,
, ,
. $\mathcal{L}$ , $\wedge,$ $\vee,$ $\supset,$ $\neg$ , $\forall,$ $\exists$ ,
, $m\in\omega$ , $m$ , $n$
$(i\in n)$ , .
3. , 0 . , $\mathcal{L}$
. $i$ ( $\square$j $\phi$) i $\square _{j}\phi$ , $\{\coprod_{i}|i\in n\}$
$\mathcal{K}$ . , $\mathcal{K}^{*}$ $\mathcal{K}$ .
, $\{\kappa\phi|\kappa\in \mathcal{K}^{*}\}$ $\{\square _{i_{1}}\cdots\square _{i_{k}}\phi|k\geqq 1, i_{1}, \ldots, i_{k}\in n\}$ .
, semantics , ,
. , 3 $\langle W, \{R_{i}\}_{i\in n}, D\rangle$ , $W$ ,




$i\in n$ $R_{i}$ $W$ 2 ) $D$ .
, 4 $\langle W, \{R_{i}\}_{i\in n}, D, I\rangle$ , $\langle W, \{R_{i}\}_{i\in n}, D\rangle$
, $I$ $W$ , $w\in W$ $I(w)$ ,
$P$ $c$ :
1. $P\mapsto P^{I(w)}\subset D^{k}$ ( $P$ $k$ );
2. $c\mapsto c^{I(w)}\in D$ ( $c$ );
3. $c^{I(w)}=c^{I(w’)}(w, w’\subset-W)$ .
, $k=0$ , $D^{k}$ singleton $\{\emptyset\}$ . , $P$ 0
, $P^{I(w)}=\emptyset$ $P^{I(w)}=\{\emptyset\}$ . ,
$\langle$ $W$, {R n’ $D,$ $I\rangle$ assignment $A$ , $D$
, $D$ $v_{I(w),A}$ :
$v_{I(w),A}(t)=\{$
$A(x)$ $t=x$ ($x$ )
$c^{I(w)}$ $t=c$ ( $c$ $\acute{j\Xi}\mathrm{z}\backslash R$ ).
, $\phi$ $w\in W$ $\models_{A}$ :
1. $k$ $P$ $t_{1},$ $\ldots,$ $t_{k}$ ,
$w\models_{A}P(t_{1}, \ldots, t_{k})\Leftrightarrow(v_{I(w),A}(t_{1}), \ldots, v_{I(w),A}(t_{k}))\in P^{I(w)}$;
2. $w\models_{A}\phi\Lambda\psi\Leftrightarrow w\models_{A}\emptyset$ $w\models_{A}\psi$ ;
3. $w\models_{A}\emptyset\vee\psi\Leftrightarrow w\models_{A}\emptyset$ $w\models_{A}\psi$ ;
4. $w\models_{A}\phi\supset\psi\Leftrightarrow w\# A\emptyset$ $w\models_{A}\psi$ ;
5. $w\models_{A}\neg\emptyset\Leftrightarrow w\# A\emptyset$ ;
6. $w\models_{A}\forall x\phi\Leftrightarrow$ $y\neq x$ $A’(y)=A(y)$ , $A’$ ,
$w\models_{A’}\emptyset$ ;
7. $w\models_{A}\exists x\phi\Leftrightarrow$ $y\neq x$ $A’(y)=A(y)$ , $A’$ ,
$w\models_{A’}\emptyset$ ;
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8. $w\models_{A}\square _{i}\phi\Leftrightarrow$ $w’\in W$ , w<R $w’$ $w’\models_{A}\emptyset(i\in n)$ ;
9. $w\models_{A}\square _{\mathrm{c}}\phi\Leftrightarrow$ $w’\in W$ , $w<_{R}w’$ $w’\models_{A}\emptyset$ . , $R$
$\bigcup_{i\in n}R_{i}\text{ }$ reflexive and transitive closure.
, $P$ 0 , $(v_{I(w),A}(t_{1}), \ldots, v_{I(w),A}(t_{k}))=\emptyset$ .
,
$w\models_{A}\emptyset\Leftrightarrow w\models_{A}\kappa\phi$ for any $\kappa\in \mathcal{K}^{*}$ ,
. , $\square$ $\phi$ semantical infinitary conjunction
$\wedge\{\kappa\phi|\kappa\in \mathcal{K}^{*}\}$ .
$\phi$ , $x_{1},$ $\ldots,$ $x_{k}$ $\phi$ .
, assignment $A$ $B$ $i=1,$ $\ldots,$ $k$ A(xi)=B(x
, $w\models_{A}\emptyset\Leftrightarrow w\models_{B}\phi$ . , $\phi$ closed , assignment
, ( ) $A$ $w\models_{A}\phi$ ,
$w\models\phi$ . $\phi$ closed formula . $\mathcal{M}$ , $w\in W$
$w\models\phi$ , $\mathcal{M}\models\phi$ . $F$
$\mathcal{M}$ $\mathcal{M}\models\phi$ , $F\models\phi$ . $F$ ,
$F\models\phi$ CKL ,
$\mathcal{F}$ , $F\models\phi$ closed formula $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$
.
3Fixed point formalization
section , ffied point formalization
[HM92, FHMV95].
$\phi$ , $\bigwedge_{i\in n}\square i\emptyset$ $\phi$ . $i$
, $\mathrm{K}$ . ( $\mathrm{T}$ , S4, S5
). , .
$1$ . $\vdash\square _{\mathrm{c}}\psi\supset\square _{\mathrm{e}}(\psi\wedge\square _{\mathrm{c}}\psi)$ ;
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$2$ . $\vdash\phi$ $(\psi \Lambda\phi)\Rightarrow\vdash\phi\supset\square _{\mathrm{c}}\psi$ .




$\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ . , Section 6 .
, $\phi$ , fixed point
. , complete lattice
:
THEOREM 3.1 (Knaster-Tarski). $L$ &complete lattice, $f$ : $Larrow L\text{ }$ order preserv-
$\mathrm{i}\mathrm{n}\mathrm{g}$ map . ,
$\vee\{x\in L|x\leqq f(x)\}$
$f$ ffioed point .
$A$ complete Heyting algebra , $\phi$ $A$ ,
$\phi$ . $\phi$ , $f\phi$ : $Aarrow A$
$f_{\phi}(x)=\square _{\mathrm{e}}(x\wedge\phi)$
. $\square _{\mathrm{c}}\phi$ $f_{\phi}$ fixed point , Section 1 1
, Theorem 3.1 , fixed point formalizaton
: , $\phi\supset\psi$ $\phi\leqq\psi$
, fixed point formalization ,
$\phi=\vee\{\psi|\psi\leqq f_{\phi}(\psi)\}$
. , Theorem 3.1 , $\square _{\mathrm{c}}\phi$ fixed
point 4.
4 subalgebra fixed point .
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4 Common knowledge operator as finite meet
section , infinite meet
[KNST02]. $\mathrm{L}\mathrm{K}$ , CKL
.
1 $\mathrm{C}\mathrm{X}$ $\mathrm{L}\mathrm{K}$ , :
$\Gammaarrow\phi$
$\square \Gammaarrow\square \phi$ $(\square =\square _{i}(i\in n), \coprod_{\mathrm{C}})$ ,




$\mathrm{K}$ . 2 ,
inffinte meet .
, sequent . ,
infinitary conjunction , Barcan formula
:
$parrow\square _{i}\square _{\mathrm{c}}p$ $\Leftrightarrow$
$\kappa\in\bigwedge_{\mathcal{K}^{*}}\kappa parrow\square _{i}\bigwedge_{\mathcal{K}^{*}}\kappa p\kappa\in$
(2)
$\Leftarrow$
$\kappa\in\bigwedge_{\mathcal{K}^{*}}\square _{i}\kappa parrow\square _{i}\wedge\kappa p\kappa\in \mathcal{K}^{*}$
(3)
$\Leftarrow$
$m\in\omega\wedge\square _{i}p_{m}arrow\square _{i}\wedge m\in\omega$p (4)
$(\Leftrightarrow)$ $\forall x\square _{i}\phiarrow\square _{i}\forall x\phi$ . (5)
, (4) Barcan formula, (3) , Barcan formula infinite conjunction
, infinitary modal logic .
, 2 $\mathrm{C}\mathrm{Y}$ , $\mathrm{C}\mathrm{K}$ ,
, :
$\frac{\Gammaarrow\triangle,\square _{i_{1}}(\psi_{1}\supset\square _{i_{2}}(\psi_{2}\supset\cdots\square _{i_{k}}(\psi_{k}\supset\kappa\phi)\cdots))(\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{a}11\kappa\in \mathcal{K}^{*})}{\Gammaarrow\triangle,\square _{i_{1}}(\psi_{1}\supset\square _{i_{2}}(\psi_{2}\supset\cdots\square _{i_{k}}(\psi_{k}\supset\square _{\mathrm{c}}\phi)\cdots))}$
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[G0193, Seg94, TanOl]. , , Segerberg
[Seg94] 1 5.
, sequent , $\Gamma,$ $\triangle$ , $\Gammaarrow\triangle$








, , , weak-
ening cut . , , ,
$\neg$ .
. , $\mathrm{K}$ 6:
$\Gammaarrow\phi$
$\square \Gammaarrow\square \phi$ $(\square =\square _{i}(i\in n), \square _{\mathrm{c}})$ .
5 [G0193] .
6 , , .
19
, sequent , CKL :
$\{\kappa\phi|\kappa\in \mathcal{K}^{*}\}arrow\square _{\mathrm{c}}\phi,$ $\square _{\mathrm{c}}\phiarrow\kappa\phi(\kappa\in \mathcal{K}^{*})$ .
sequent 7, sequent
( [Seg94]. , non-compact
. , sequent .
, :
THEOREM 5.1 (Segerberg). $\Gamma_{i}arrow\triangle_{i}(i\in\omega)$ sequent .
$i\in\omega$ , $\Gamma_{i}arrow\triangle_{i}$ substitution instance ,
sequent logic . ,
$\mathcal{M}$ :
1. $i\in\omega$ , $\mathcal{M}\models\Gamma_{i}arrow\triangle_{i}$ ;
2. $\phi$ derivable , $\mathcal{M}\models\phi$ .
6Common knowledge predicate logic
section .
, CKL ,
, $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ . $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ ,
, , Barcan
formula $\forall x\square \phi\supset\square \forall x\phi$
. , [WOIOO] .
THEOREM 6. 1 (Wolter). $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ recursively axiomatizable .
, Section 3 fixed point formalization ,
, $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ . ,
7 section [Seg94] [TanOl] .
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Section 4 $\mathrm{C}\mathrm{Y}$ , $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$
:
$arrow\forall x\square \phi$ $\forall x\phi$ ,
$\Gammaarrow\triangle,$ $\phi[y/x]$ $\phi[t/x],$ $\Gammaarrow\triangle$
$\Gammaarrow\triangle,$ $\forall x(\phi)$ $\forall x(\phi),$ $\Gammaarrow\triangle$
$\Gammaarrow\triangle,$ $\phi[t/x]$ $\phi[y/x],$ $\Gammaarrow\triangle$
$\Gammaarrow\triangle,$ $\exists x(\phi)$ $\exists x(\phi),$ $\Gammaarrow\triangle$
, , $\forall$ $\exists$
, $y$ free . , 8 Section 5
$\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ .
, $\mathrm{C}\mathrm{Y}$ , . $\mathrm{C}\mathrm{Y}$ ,
, $\forall$
:
$\frac{\Gamma\triangle,\square i_{1}(\psi_{1}\supset\square _{i_{2}}(\psi_{2}\supset\cdots\square _{i_{k}}(\psi_{k}\supset\phi[y/x])\cdots))}{\Gammaarrow\triangle,\square _{i_{1}}(\psi_{1}\supset\square _{i_{2}}(\psi_{2}\supset\cdots\square _{i_{k}}(\psi_{k}\supset\forall x\phi)\cdots))}$
, $y$ free . Bar-
can formula , $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ . , Barcan
formula derivable ( 9. , , Barcan formula
, Barcan formula $p\supset$ $p$
derivable . , , sequent
, sequent $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ cut-free
, Barcan formula .
, [TOOO] , $\mathrm{C}\mathrm{K}\mathrm{L}_{*}$ Barcan
formula , Barcan formula
$\wedge\square X_{n}=\square \wedge X_{n}$




$\mathrm{C}\mathrm{D}=\forall x(\phi(x)\vee q)\supset\forall x\phi(x)\vee q$
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